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A nonstat ionary two-dimensional  solution is presented for the tempera ture  distribution in a 
finite cyl inder  whose surface tempera ture  is a linear function of the time; the heating ra tes  
for the lateral  and end surfaces  a re  not the same.  The solution is analyzed to refine the l im- 
its of applicability of the corresponding one-dimensional solutions for determining the diffu- 
sivity by a quasis ta t ionary method. 

Quasis ta t ionary methods a re  the most  effective way of investigating thermophysical  charac te r i s t i cs  
over a wide range of t empera tures  [1-5]. Most of these methods, however, a re  constructed on one-dimen-  
sional solutions of the heat conduction equation. Boundaries of experimental  specimens on which conditions 
a re  not specified theoret ical ly  dis tor t  the one-dimensional  tempera ture  distribution and lead to systematic  
e r r o r s  which are  difficult to allow for.  A r igorous quantitative est imate of these e r r o r s  necessi ta tes  solv- 
ing the corresponding two- and three-dimensional  heat conduction problems.  

Volokhov [6] presents  the solutions and analysis  of two-dimensional tempera ture  distributions hi a 
finite cylinder for var ious  combinations of boundary solutions of the f i r s t - th i rd  kinds which do not vary  with 
t ime. 

We analyze the nonstat ionary solution for a finite cylinder whose surface tempera ture  is a linear func- 
tion of the time; the heating ra tes  of the la teral  and end surfaces  are  different. The limits of applicability 
of the corresponding one-dimensional  calculational formulas  a re  refined, and a quantitative est imate is given 
of the possible sys temat ic  e r r o r  in using finite cyl inders  and plates with different rat ios of their l inear di- 
mensions and different rat ios  of the heating ra tes  on their surfaces .  

A finite cylinder of height 2h and diameter  2R with the origin of coordinates at its center  is initially 
in thermal  equilibrium with its surroundings; i . e . ,  its t empera ture  is equal to that of the surrounding me- 
dium T o. At t ime t = 0 the la teral  surface of the cylinder is heated at the constant rate of b 2 deg/sec and 
the end surfaces  at the constant ra te  b 1. It is required to find the tempera ture  distribution in the cylinder,  
i . e . ,  to find a solution of the heat conduction equation 

OT ( O~T + 1 OT 02T 
- -  = a - -  - - -  ( 1 )  

O~ Or s r Or ~- Oz 2 } 

which satisfies the initial and boundary conditions 

T (r, z, 0) = T O = const, 

T (r, h, z) = To § blv, 

T (R, z, ~) = T o § b~,  

OT (0, z, "c) O, OT (r, O, "c) 

Or Oz 
2 0 .  

(2) 

Institute of Heat and Mass Transfer ,  Academy of Sciences of the Belorussian SSR, Minsk; T rans -  
lated f rom Inzhenerno-Fizicheski i  Zhurnal, Vol. 17, No. 6, pp. 1084-1091, December,  1969. Original 
ar t ic le  submitted February  19, 1969. 

�9 1972 Consultants Bureau, a division of Plenum Publishing Corporation, 227 West 17th Street, New York, 
N. Y. 10011. All rights reserved. This article cannot be reproduced for any purpose whatsoever without 
permission of the publisher. A copy of this article is available from the publisher for $15.00. 

1541 



The solution of Eq. (1) obtained by using Hankel and Laplace t r a n s f o r m s  is 

T - -  To = 2bl~ ~.,j R Jo ~,~ ch ~ 
n=l ~nJt (~n) ch ~t~K ~- b2x 1 - -  2 R ,  n=l ~ J 1  (i%) ch ~t~K 

--bzR~ I - - - - - - 8  R 
4a R 2 3 j  + -- ~n ~ (~t~) ch ~ K  a ~2nJ t (~)  ch ~nK 

. _ _  - -  ~ ]  h 
a ~ , ~  ~t~J~ (~t~) ch ~ 9,~K + 4 2 ~ _ 

• [ -  (~ + g~e)] Vo~, 

where  the ~n a r e  the posi t ive  roots  of the cha rac t e r i s t i c  equation 

4 (~) = 0; 

~,. = (2tn-- 1) -~- ; Fo~ = ; 

K = k/R is the ra t io  of the length to the d i a m e t e r  of the cyl inder .  

Equation (3) can be  wri t ten in the following d imens ion less  form:  

0 = 2 F o ~  - R + C~Fo~, 1 - -  T 
Pd,~ ~=~ p~J~ (~n) ch ~ K  n_-~ p~J~ (t~,~) ch ~,,K 

- -  8 R 

~ s ~  (~.) ~ (z.~ + ~K~) ~ .=, ~,Jt (~ )  eh ~ p~.K ~,=~ ~=, 

• ~xp [ - - ( ~  + ~,'J(~)] Fo~. 

where  Pd h = blh~/aT0 is  the Predvodi te lev  c r i te r ion ;  Cb = b 2 ~ ;  0 = t -  T o / T  o. 

The spec imens  used in p rac t i ca l  the rmophys ica t  r e s e a r c h  ord inar i ly  have the fo rm of cy l inders  or  
p la tes .  In the f i r s t  case  the radius  of the cyl inder  R is the controll ing dimension, and in the second case  
the th ickness  of the plate  h; accordingly  we consider  the Four ie r  c r i t e r i a  Fo R = a ' r / R  ~ and Fo h = a ' r / h  ~. 

Solutions for  an infinite cyl inder  {bl = 0, h - *  ~o) and a p la te  (b~ = 0, R--~ ~) follow f r o m  Eq. (3) as  specia l  
c a s e s .  Depending on whether  K is g r e a t e r  or  l e s s  than unity it is expedient to use  the following c r i t e r i a :  

pd h = K ~ 1 Cb Pd~. Fo~= K ~ FoR, 

where  

(3) 

(4) 

Solution (4), which is  the s a m e  as  (3), 
ever ,  makes  the analys is  difficult.  

The genera l ized  functions 0 /PdRFO R and 0 /PdhFo  h at  the center  (r = 0 = z) a r e  calcula ted on a P r o -  
rain'  computer  for  K = 1, 2, 3, 1/2, 1/3, an-cl 1/4 for  var ious  values  of 1/C b and C b. 

Calculations of the two-dimensional  t e m p e r a t u r e  dis tr ibut ions 0 /PdFo  = f(Fo) p e r m i t  an es t imate  of 
the t ime of onset of the quas i s ta t ionary  t h e r m a l  s tate,  i . e . ,  the t ime  at  which the nons ta t ionary  component  
(the double sum in the solutions) can be neglected in compar i son  with the quas is ta t ionary  component.  To 

(5) 

pd R = ?~R?_ 
aT  o 

is s impl i f ied if b 1 = b 2. The s t r u c t u r e  of these  solutions,  how- 
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F i g .  1. 0 / P d R F O  R at  the  c e n t e r  of a f in i te  c y l i n d e r  a s  a funct ion of 
FOR fo r  v a r i o u s  v a l u e s  o f K a n d l / C  b .  1) K = I ,  1/C b = 0 ;  2) l a n d  
0.25, r e s p e c t i v e l y ;  3) 1 and 0.5; 4) c e n t e r  of in f in i t e  c y l i n d e r  a s  Bi  

~ ,  K = 3 and K = 2, 1/C b = 0 wi th  a m a x i m u m  r e l a t i v e  e r r o r  of 0.7 
and  1.5%, r e s p e c t i v e l y  [1]; 5) 1 and  0.75; 6) 1 and 1. 

F i g .  2. 0 / P d h F o  h a t  the  c e n t e r  of a f in i t e  p l a t e  (disc) a s  a funct ion  
of Fo  h fo r  v a r i o u s  v a l u e s  o f K a n d C  b .  1) K = 1 / 2 ,  C b = 0 ;  2) 1/3 
and  0, r e s p e c t i v e l y ;  3) c e n t e r  of in f in i t e  p l a t e  a s  Bi --- 0% K = 1/4, 
C b = 0 wi th  a m a x i m u m  r e l a t i v e  e r r o r  of 0 .83%; 4) 1/3 and  1; 5) 
1/2 and 1. 

T A B L E  1. Va lues  of the  Coe f f i c i e n t s  An, B n, and  D n 

1 Bn = i D n =  2 j l (p ,n  ) ch .an K K A n =  . = [ .anJz(P,n ) ch .an K ~ Jx (~n  ) ch .an K n = l  .an 

3 
2 
1 
1/2 
I/3 
1/4 

0,0012 
0,0130 
0,1394 
0,3840 
0,4699 
0,4928 

0,0002 
0,0023 
0,0247 
0,0743 
0.0986 
0,1096 

0,0005 
0,0054 
0,0579 
0,1423 
0,1415 
0,1193 

an a c c u r a c y  of 1% the  q u a s i s t a t i o n a r y  r e g i m e  b e g i n s  fo r  the  v a l u e s  of K l i s t e d  above  and C b = 1 a t  Fo  R = 0.6, 

0.65, 0.7 and F o  h = 1.3, 1.4, and  1.5, r e s p e c t i v e l y .  

S ince  the  F o u r i e r  n u m b e r s  a r e  r e l a t e d  by  Eq.  (5), to the  i n d i c a t e d  a c c u r a c y  of the  onse t  of the  q u a s i -  
s t a t i o n a r y  s t a t e ,  i t  is  not  d i f f i cu l t  to  show tha t  the  c o r r e s p o n d i n g  t i m e s  in s t u d i e s  wi th  p l a t e s  and  c y l i n d e r s  
of v a r i o u s  d i m e n s i o n s  but  the  s a m e  K can  be  the  s a m e  o r  d i f f e r e n t .  

Some of the  r e s u l t s  of the  m a c h i n e  c a l c u l a t i o n s  of the  g e n e r a l i z e d  func t ions  of F o u r i e r  n u m b e r s  fo r  
v a r i o u s  r a t i o s  of the  hea t i ng  r a t e s  and  v a r i o u s  v a l u e s  of K a r e  shown in F i g .  1 and 2. 

The  m a x i m u m  d i f f e r e n c e s  be tween  the  one -  and t w o - d i m e n s i o n a l  g e n e r a l i z e d  func t ions  o c c u r  in the  
q u a s i s t a t i o n a r y  t h e r m a l  s t a t e .  F o r  a f in i t e  c y l i n d e r  wi th  K = 2 and K = 3 t h e s e  d i f f e r e n c e s  unde r  the  m o s t  
u n f a v o r a b l e  e x p e r i m e n t a l  cond i t i ons  (1/C b = 0, b 1 = 0, Fo  R <_ 1) a r e  1.5 and 0.7%, r e s p e c t i v e l y ;  f o r  1/C b =  1, 
b 1 = b 2 they  a r e  0.7 and 0.4%, r e s p e c t i v e l y .  

It should  b e  e m p h a s i z e d  tha t  fo r  equal  hea t ing  r a t e s  t he  above  d i f f e r e n c e s  in the  q u a s i s t a t i o n a r y  r e -  
g i m e  r e m a i n  c o n s t a n t .  F o r  bl  ~ b2 t h e s e  d i f f e r e n c e s  i n c r e a s e  with t i m e .  

F i g u r e  2 shows  a n a l o g o u s  r e l a t i o n s  for  K < 1. 

Ma in t a in ing  c o n s t a n t  hea t ing  r a t e s  on the  s u r f a c e s  of a f in i t e  c y l i n d e r  in the  s t e a d y  s t a t e  i s  equ iva l en t  
to  s p e c i f y i n g  c o n s t a n t  hea t  f l uxes  a c r o s s  i t s  b o u n d a r i e s .  The  c o r r e s p o n d i n g  e x p r e s s i o n s  fo r  the  hea t  f luxes  
can  be  found f r o m  Eq.  (3) by  us ing  F o u r i e r ' s  law.  A l l  c o n c l u s i o n s  on the  c h a r a c t e r  of the  v a r i a t i o n  of the  
t w o - d i m e n s i o n a l  t e m p e r a t u r e  d i s t r i b u t i o n  con t inue  to hold .  

In the  l i n e a r  hea t ing  of a u n i f o r m  m a t e r i a l  wi th  no i n t e r n a l  hea t  s o u r c e s  i t  is  c o m m o n  p r a c t i c e  to de -  
t e r m i n e  the  d i f fu s iv i t y .  F r o m  the  o n e - d i m e n s i o n a l s o l u t i o n s  fo r  in f in i t e  c y l i n d e r s  and  p l a t e s  
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Fig .  3.  Re la t ive  drop A 0 1 / P d  R as  a funct ion of Fo R for  va r i ous  va lues  of K and 1/Cb: 1) 
K = 1, 1/C b = 1; 2) 2 and 1, r e spec t ive ly ;  3) infinite cy l inder ,  K = 3, 1/C b = 0 with a m a x -  
i m u m  re l a t ive  e r r o r  of 0.7%; 4) 2 and 0; 5) 1 and 0.5; 6) 1 and 0. 

F ig .  4. Rela t ive  drop A 02/Pdh as  a funct ion of Fo h for  va r i ous  va lues  of K and Cb: 1) K 
= 1/2, C b = 1; 2) 1/3 and 1, r e spec t ive ly ;  3) 1/4 and 1; 4) infinite plate;  5) 1/4 and 0.5; 6) 
i /4  and 0; 7) 1/3 and 0.5; 8) 1/3 and 0; 9) 1/2 and 0.5; 10) 1/2 and 0. 

bR ~ R 2 

4AT 4A~ 

bh~ h2 

2AT 2hz 

(6) 

(7) 

where  AT is the t e m p e r a t u r e  d i f f e rence  between the su r f ace  and the c e n t e r  of the  s p e c i m e n s .  

F r o m  Eq. (3) the e x p r e s s i o n  for  the diffusivi ty  in a cy l inder  can be wr i t t en  in the f o r m  

a= .b2R2. [ 1 -  8B,~ ] _  (b2--bOKR~D, 
4 AT a - -  2 (b 2 -  b~) A ~  AT 1 - -  2 (b 2 -  bl) A ~  ' 

fo r  a p la te  

blh~ I Cb (1 --8B~) 1 (bl--b2)h2D'~ 
a = - 2 [ 2 K  ~ [AT 2 ~ ( ~  b2) 0 - -  2A, )  z] I § K taTs - -  (ol - -  02) (1 - -  2A, )  T] ' 

(8) 

(9) 

whe re  

AT 1 = T(R, 0, ~ ) -  T(0, 0, z); AT~ = T(0, h, ~)--7"(0, 0, ~). 

The values of An, Bn, and D n are listed in Table 1. 

If b I = b 2 = b, AT I = AT 2 = AT. Then Eqs. (8) and (9) take the form 

bR ~ bh 2 ( 1 - -  8B,~'I , 
a = - -  (1 - -  8B,~) 

457 = ~ [ 2K' ] 
for  K = 3 

(lO) 

for  K = 1/4 

a = - -  --0.0 04 =0.2496 bR2 
AT AT ' 

bh 2 
a = 0 . 4 9 2 8  - -  

AT (12) 

T h e r e f o r e  Eqs .  (11) and (12) a g r e e  with Eqs .  (6) and (7) to an a c c u r a c y  of 0.16 and 1.5%, r e s p e c t i v e l y .  

Other  va lues  of the coef f ic ien ts  fo r  b 1 - b 2 appea r ing  in Eq. (10) for  va r i ous  va lues  of K can be found 
f r o m  Table  1. If b I ~ b2 the ca lcu la t ion  of the diffusivi ty  at  a definite t i m e  can be p e r f o r m e d  by Eqs .  (8) 
and (9) us ing Table  1 and the fact  that  AT = f(T). 
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Figures  3 and 4 show A Ol/Pd R as a function of Fo R and A 02/Pd h as a function of Fo h for various val-  
ues of K, 1/C b, and C b, and the corresponding one-dimensional relat ions.  A knowledge and compar ison 
of these relations permi t s  the calculation of the relat ive e r r o r  in determining the diffusivity by using Eqs. 
(6) and (7). 

It should be noted that if the boundary condition bi = b 2 or a constant value of b I/J~2 is not maintained 
in an experiment with plates or cyl inders  the corresponding values of C b and 1/C b will be functions of the 
tempera ture  and t ime. Knowledge of T as a function of T on the lateral  surface of a plate or the end sur -  
faces of a cylinder permi ts  the determination of the instantaneous rat ios  C b and 1/C b. These ratios will 
vary  proport ional ly to the slope of the T = f(T) graph at a given point. 

As was shown above,the maximum deviations f rom the corresponding one-dimensional  relat ions occur 
in the steady state.  Consequently f rom the rat io C b and 1/C b at the end of the experiment it is possible to 
judge the percent  deviation of the two-dimensional  t empera ture  distributions f rom the corresponding one- 
dimensional values, and in the last  analysis  the e r r o r  in determining the diffusivity by using the one-di-  
mensional calculation formulas .  

Thus it is possible to find the limits of C b and 1/C b for a given K such that the e r r o r  in determining 
the diffusivity by using the one-dimensional  formulas  does not exceed a cer tain value. 

AT 

AT I = T(R, 0, T)- T(0, 0, T); 

AT 2 = T(0, h, ~ ' ) -  T(0, 0, 7); 

A 0 i = ATI/T0;  
A 02 = AT2/To; 
0 = T - T o / T o ;  

T 

R 
h 
K : ~ / R ;  
r and z 
b 2 and bl 
C b = b2/bl; 
Pd h = blh2/aTo; 
P a  R = b2R2/aTo 
Foh = aT/~2; 
Fo R = a z . / R  2 

J0 and J1 

#n 
k m = (2m - 1) ~/2; 
An, B n, and D n 

NOTATION 

is the t empera tu re  at any point in a finite cylinder at any time, and T o is 
the initial temperature;  

is the difference in tempera ture  between the surface and the center  of the 
specimen; 

is the diffusivity; 
is the time; 
is the radius of the cylinder; 
is the half-height of the cylinder; 

a re  running coordinates;  
a re  respect ively  the heating ra tes  on the lateral  and end surfaces;  

a re  Predvoditelev numbers;  

a re  zero  and f i rs t  order  Bessel  functions of the f i rs t  kind; 
a re  the roots of J0~u) = 0; 

a re  constants for a given value of K. 

i. 
2. 

3o 
4. 
5. 

6. 
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